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ABSTRACT 
Understanding of hydrodynamics of a free-spanning pipeline subjected to omni-directional flows is 
important to engineering design. In this study, horizontally oblique flows past a three-dimensional circular 
cylinder in the vicinity of a plane boundary are numerically investigated using direct numerical simulations. 
 
1 Corresponding author: xudong@tju.edu.cn 
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Parametric studies are carried out at the normal Reynolds number of 500, a fixed gap-to-diameter ratio of 
0.8 and five flow inclination angles (α) ranging from 0° to 60° with an increment of 15°. Two distinct 
vortex-shedding modes are observed: parallel (  15°) and oblique (  30°) vortex shedding. The wake 
evolution is further divided into two or three stages depending on . The occurrence of the oblique vortex 
shedding is accompanied by the base pressure gradient along the cylinder span and the resultant axial 
flows near the cylinder base. The total hydrodynamic drag and lift force coefficients decrease from being 
the parallel mode to the oblique mode, owing to the intensified three-dimensionality of wake flows and 
the phase differences in the spanwise vortex shedding. The Independence Principle (IP) is found to be valid 
in predicting hydrodynamic forces and wake patterns when   15°. This IP might produce unacceptable 
errors when  > 15°. In comparison with the mean drag force, the fluctuating lift force is more sensitive to 
the inclination angle. The IP validity range is substantially smaller than that in the case of flow past a wall-
free cylinder. Such finding would be practically useful for vortex-induced vibration prediction. 
Keywords: circular cylinder, oblique flow, direct numerical simulation, Independence Principle, gap ratio, 
wake pattern. 
 
1 INTRODUCTION 
Flows around a cylinder near a plane boundary have been extensively studied due 
to its engineering importance, as reviewed by Taniguchi and Miyakoshi [1] and Price et 
al. [2]. However, flows past an inclined cylinder near a flat wall have received much less 
attention, although such scenarios are widely encountered in offshore engineering 
applications such as omni-directional sea currents past submerged subsea pipelines.  
When a cylinder is close to a wall, the hydrodynamic drag and lift forces and the 
associated vortex-shedding pattern are significantly affected by the gap ratio G/D, 
where G is the gap distance between the cylinder and the wall, and D is the cylinder 
diameter. Bearman and Zdravkovich [3] reported that, when G/D is large enough, the 
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wake characteristics are similar to those in the wall-free cases, and the near-wall effects 
gradually build up with decreasing G/D. The experimental study of Grass et al. [4] 
demonstrated that the Strouhal number St, representing the dimensionless vortex-
shedding frequency, decreases with increasing G/D, and the vortices shed from the gap 
side are fully suppressed as G/D < 0.3. Lei et al. [5] found that the effects of the plane 
boundary could be neglected if G/D > 2.0, and the vortex shedding intensity decreases 
gradually as G/D decreases. Wang et al.  [6] found that the vortex shedding frequency 
remains unchanged when G/D > 0.3 despite a drastic change in the vortex shedding 
pattern. Wang et al. [7] further categorized the gap ratio into three regions according to 
the wake patterns: (i) the wall-effect-free region (G/D ≥ 1.0), where the wake resembles 
that of an isolated cylinder without the wall effect; (ii) the intermediate region (0.3  
G/D < 1.0), where the wall effects are significant, resulting in an asymmetric vortex-
shedding pattern; and (iii) the vortex-shedding-suppression region (G/D < 0.3), where 
vortices periodically shed from the upper cylinder surface form a one-sided vortex street.  
For vortex-induced vibration (VIV) of a circular cylinder near a plane boundary, the 
wake characteristics are more complex than those governing stationary cylinders. 
Studies by Zhao and Cheng [8] and Wang et al. [9] showed that, unlike a stationary 
cylinder, an elastically supported cylinder undergoes VIV even at a very small G/D. For a 
one-degree-of-freedom (1-DOF) VIV of a near-wall cylinder, both the lift force and the 
cross-flow response are enhanced, compared with an isolated cylinder VIV (Zhao and 
Cheng [8]). However, for a 2-DOF VIV, the cross-flow vibration may not be significantly 
altered by the near-wall effect, whereas the in-line vibration shows an increased 
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amplitude and a decreased frequency, as reported in Tham et al. [10] and Li et al. [11]. 
Most studies on flows around a stationary/vibrating cylinder have focused on cross 
flows normal to the cylinder axis. However, in practical cases, flows may approach the 
cylinder in omni-directions. The inclination angle (α) is usually defined as the angle 
between the flow direction and the cylinder cross-sectional plane, with α = 0° referring 
to the flow perpendicular to the cylinder axis. To predict hydrodynamic forces exerted 
on an inclined cylinder, the cosine law or Independent Principle (IP) is widely applied. It 
assumes that hydrodynamic forces are only driven by the normal component of the free 
stream while the component aligned with the cylinder axis (i.e. the axial component) 
has a negligible effect. However, previous studies [12-19] have found that IP is usually 
valid when α is relatively small. Lucor et al. [14] numerically investigated flows past a 
cylinder at α = 60° and 70°. They found that, in both cases, the axial vortex tubes are no 
longer parallel to the cylinder, showing an oblique vortex-shedding mode with an angle 
between the vortex tubes and the cylinder, being smaller than α. Moreover, the drag 
coefficient is larger than the IP predicted value. Zhao et al. [15] simulated flows past an 
inclined cylinder at α = 0°-60° and found that the vortex tubes in the wake are parallel to 
the cylinder at all α, for which St and mean drag coefficient follow IP. However, the root-
mean-squared (r.m.s.) lift coefficient is underpredicted, and the deviation increases with 
α. Zhou et al. [16] investigated the wake patterns of flows past a cylinder at α = 0°-45° 
by observing the Kármán vortex streets in the wake. With increasing α, the spanwise 
and streamwise vortex strength was found to decrease and increase, respectively, due 
to the intensified wake three-dimensionality. Zhao et al. [17] studied the effect of 
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Reynolds number (Re) on hydrodynamic forces and vortex-shedding patterns at 
different α. When Re < 200, the α change of has a negligible impact on the fluid 
dynamics at   45. However, when Re = 250-550, St, the r.m.s. lift coefficient, as well 
as the mean drag coefficient at  = 45,  are significantly larger than those at  = 0. Han 
et al. [18] and Xu et al. [19] experimentally investigated the free vibrations of an inclined 
flexible cylinder in cross flows with Re = 800-16000 and found that IP could be applied 
to predict the multi-mode responses of the cylinder when   30°. 
Both G/D and  may have a profound combination effect on the hydrodynamics 
and flow patterns. Kozakiewicz et al. [20] showed that IP is valid in predicting the fluid 
dynamics at   45°. Zang et al.  [21] observed that IP is valid in predicting St for G/D ≥ 
0.8 and   30. However, for G/D < 0.8 or  > 30, IP produces significant errors. Thapa 
et al. [22] carried out numerical studies on flows past an inclined near-wall cylinder with 
 = 0-60 and G/D = 0.4 and 0.8. It was found that, with increasing , the wake three-
dimensionality and streamwise vortices are weakened in contrast to the enhanced 
spanwise vortices. 
From the above literature review, it can be realized that the wall proximity has a 
significant influence on hydrodynamic forces and wake patterns around an inclined 
cylinder. However, in-depth insights into the three-dimensional (3-D) wake topology and 
hydrodynamic characteristics at different  are still lacking. This study aims to examine 
the influence of  (0- 60) on the vortex shedding patterns, hydrodynamic forces and IP 
validity, by performing 3-D direct numerical simulations of flows past an inclined near-
wall cylinder at the normal Reynolds number Ren = 500 and G/D = 0.8. 
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2 NUMERICAL METHODOLOGY 
2.1 Governing Equations and Validation 
The flow governing equations are the Navier-Stokes and continuity equations, 
solved by using the Immersed Boundary Method (IBM). The conservative forms of the 
second-order Adams-Bashforth temporally-discretized governing equations of 
incompressible fluid flow using IBM are: 
      
++ − −= + + −  +  +u u h h f
1
21 1 13 31 1
2 2 2 2( )
nn n n n n nδt p p δt                       (1) 
+ =u 1 0n                                                                 (2) 
where u is the velocity and p is the pressure. The variable ( )( )= − +  +h uu u utv    
comprises convective and diffusive terms, in which ∇ denotes the gradient operator and 
the superscript t is the matrix transposition. The superscripts n+1, n+1/2, n and n-1 
indicate the time stepping. f denotes the extra body force calculated as: 
 ( ) ( )( )+ + + − −= = − + −  + 
1 1
2 2 1 1 13 31 1
2 2 2 2( )
n n n n n n nδt D D I δt p pf F V h h                 (3) 
where F is the extra body force on IB points, V is the desired velocity (set as zero) of IB 
points, ( )X, iI φ  and D(,x) are the interpolation and distribution functions suggested by 
Peskin [23], respectively.  
A two-step predictor-corrector procedure is adopted for decoupling the flow 
governing Eqs. (1)-(3). The resultant pressure Poisson equation is solved by using the 
biconjugate gradient stabilized method BiCGSTAB [24], preconditioned by using the 
geometric multi-grid method. For the sake of conciseness, details of the methodology 
can be found in our previous work [25] for further information. 
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To verify accuracy of the numerical solution, flows around an isolated cylinder at  = 
0 and Re = 500 are simulated. A good agreement is achieved through a comparison of 
drag and lift force coefficients, vortex-shedding frequency, base pressure coefficient, 
and spanwise vortex wavelength (λz/D) [26], as shown in Table 1. In this study, the drag 
(CD) and lift (CL) coefficients, Strouhal number (St), and base pressure coefficient (Cpb) 
are defined, respectively, as: 
CD= 2FD/(U 
2 
n DL),       CL= 2FL/(U
2 
nDL),                                      (4) 
St = fD/Un,                                                                  (5) 
Cpb = 2(Pb - P∞)/(U
2 
n),                                                  (6) 
where FD and FL are the drag and lift forces, respectively, Un is the normal inflow velocity, 
L is the cylinder length, f is the dominant lift frequency, Pb is the pressure at the rear 
stagnation point of the cylinder, and P∞ is the reference pressure.  
2.2 Simulation Parameters 
In this study, the Reynolds number based on the velocity component perpendicular 
to the cylinder axis (normal flow) is defined as the normal Reynolds number Ren (= UnD/v 
= 500) and the Reynolds number based on the effective velocity is defined as the 
effective Reynolds number Ret (= UD/v). Un is the velocity component normal to the 
cylinder span and measured at 1D above the wall boundary, and v is the fluid kinematic 
viscosity. The effective velocity U = Un/cos varies with . Ren = 500 is selected based on 
the following two reasons. Firstly, the wake flow at Ren = 500 is turbulent, as reported in 
Williamson [26], which is more relevant to engineering practice compared with laminar 
flows. Secondly, Ren = 500 is the upper limit considering the 3-D direct numerical 
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simulations (DNS) are very time consuming. A fixed gap ratio G/D = 0.8 is chosen with 
two reasons. Firstly, the motivation of this study is to investigate the effect of inclination 
angle on the vortex shedding pattern. The vortex shedding would be more sensitive to 
the inclination angle if a gap ratio is larger than the critical value (G/D ≈ 0.3) [22]. 
Secondly, based on wake patterns at different gap ratios in Wang et al. [7], G/D = 0.8 is 
in the intermediate region where the wall effect is significant. 
Fig. 1 shows the computational domain and boundary conditions. A 60D × 40D × 
25D (streamwise × vertical × spanwise) rectangular domain is used with a block ratio B = 
2.5%. A circular cylinder is located at 15D from the inlet and 45D to the outlet. The 
Dirichlet boundary conditions are adopted at the inflow and the Neumann boundary 
conditions are adopted at the outflow. The top boundary is taken as a free-slip wall 
while the two side boundaries are periodic. On the bottom wall and the cylinder surface, 
the no-slip boundary conditions are imposed. Zhao et al. [33] showed that the effects of 
the top boundary of the computational domain could be neglected when B < 5%. 
Further, Batcho and Karniadakis [34] showed that, at Re = 500, hydrodynamic 
coefficients converge and the 3-D flow characteristics can be fully identified when the 
cylinder length exceeds 2πD, justifying the adoption of periodic boundaries.  
A mean velocity profile [22] is adopted at the inlet and defined as 
( ) ( )=, , ( ),0, ( )tann nu v w U y U y α                                               (7) 
where Un (y) is the velocity profile given by 
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where u is the friction velocity, y is the height from the bottom wall, and k = 0.4 is the 
von Kármán constant. yu/ = 11.63 refers to the boundary between the viscous sub-
layer and the logarithmic region [22].  
The computational domain is discretized by a mesh with a resolution of 768 (x) × 
384 (y) × 256 (z). In the x-y plane, a uniform mesh with grid spacings Δx = Δy = D/32 is 
applied to a rectangular region of 16D×6D around the cylinder to ensure simulation 
accuracy, as shown in Fig. 2. Out of this region, a stretched mesh is adapted by keeping 
the total number of grids within a reasonable range. Along the cylinder, totally 256 
planes are adopted with a uniform spanwise grid of Δz  D/10. Table 2 shows a grid 
sensitivity study with Δx = Δy = D/32 (coarse mesh) and Δx = Δy = D/48 (fine mesh) for 
flow around a near-wall cylinder at G/D = 0.8,  = 0° and Ren = 500.  It can be seen that 
the two sets of numerical results are comparable with the largest difference smaller 
than 5.3% for CD,rms, indicating how results are converged at Δx = Δy = D/32.  
The adopted non-dimensional time-step size is ΔtUn/D =0.002. Table 3 shows a 
convergence study for ΔtUn/D, carried out using the coarse mesh. Marginal differences 
are observed between results with ΔtUn/D = 0.001 and 0.002, justifying the use of 
ΔtUn/D = 0.002 for faster simulations. Further, in the present study, each simulation is 
conducted for a time span of tUn/D = 330 to ensure that the vortex shedding is fully 
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developed. All the simulations are performed on a high-performance computing cluster. 
In each case, 14 days are approximately required using 64 CPU cores. 
To verify the reliability of the flow profile defined at the inlet boundary, a cylinder-
free simulation case with the same setup is performed. Velocity profiles are shown in Fig. 
3, where the red dashed line refers to the flow profile measured at the cylinder position 
(X/D = -6) while the green solid line indicates the inflow profile. A good profile 
agreement is found, justifying how the inflow profile is reliable and sustainable. 
Fig. 4 presents the energy spectra in the cylinder wake with G/D = 0.8,  = 0° and 
Ren = 500. A probe located at 1D downstream the cylinder centroid is adopted. The 
specific kinetic energy is calculated as E = 1/2 [u2 + v2 + w2], where u, v and w denote the 
instantaneous streamwise, crossflow and spanwise velocities at the probe, respectively. 
A fast Fourier transform (FFT) is performed using time histories of the specific kinetic 
energy measured. In Fig. 4, the energy spectrum peaks at St = 0.255 which indicates the 
vortex-shedding frequency and follows well with the -5/3 slope being the Kolmogorov 
spectrum in the inertial subrange [35,36]. Therefore, it is deduced that the adopted grid 
resolution is able to capture the ‘-5/3 behavior’, implying the validity of the turbulence 
modeling. However, compared with the energy spectrum at a subcritical Re, the present 
spectrum, especially at St >1.0, drops faster than the -5/3 slope. The reason is that the 
energy is more concentrated near large-scale vortices due to the adopted low Ren = 500, 
instead of dispersing to small-scale vortices at higher Re. 
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3 NUMERICAL RESULTS AND DISCUSSION 
3.1 Vortex-Shedding Pattern 
Figs. 5(a-e) show the instantaneous vortices downstream the cylinder when the 
wake is fully developed. Vortices are visualized by using the iso-surfaces at λ2 = -1.0 
being the second largest eigenvalue of the symmetric tensor S2 + Ω2, where S and Ω are, 
respectively, symmetric and asymmetric parts of the velocity gradient tensor u [37]. 
The surfaces are colored, distinguishing values of the dimensionless spanwise vorticity 
defined as ωz = (∂v/∂x -∂u/∂y)/(Un/D). As  = 0°, the spanwise vortex tubes parallel to 
the cylinder are formed behind the cylinder, indicating the parallel vortex shedding 
mode. However, several streamwise vortices exist and connect the two adjacent 
spanwise vortex tubes, resulting in a highly 3-D wake. The spanwise distance between 
the two streamwise vortex filaments is close to the cylinder diameter, indicating the 
development of mode B, i.e. the second stage of wake transition from 2-D to 3-D 
(Williamson [38]). The spanwise vortex tubes near the cylinder are straighter and more 
intact than those farther downstream where the tubes are twisted and broken. It should 
be noted that, because the cylinder is fully submerged in the boundary layer, the vortex 
shedding of the gap shear layer is significantly suppressed. As a result, only the spanwise 
vortices shed from the outer shear layer (blue) exist in the wake. As stated in Grass et al. 
[4], a suppression of the gap vortex shedding is associated with the coupling or 
interaction of separated shear and boundary layers. The concentrated vorticity from the 
cylinder gap side is cancelled by the opposite vorticity at the wall for small values of G/D. 
Lei et al. [5] further found that the vortex-shedding suppression is related to the 
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boundary layer thickness, and the critical gap ratio for a full suppression decreases as 
the boundary layer thickness increases.  
The obvious inclination of the spanwise vortex tubes against the cylinder happens 
when  ≥ 30°, indicating the oblique vortex-shedding mode, as shown in Figs. 5(c-e). 
With the  increment, the inclination angle of the spanwise vortex tubes increases. At  
= 60°, the vortex tubes in the near wake show significant fluctuations differing from the 
straight vortex tubes at  = 30° and 45°. Further, by comparing with the flow fields at  
= 0° to 45°, the streamwise vortex filaments at  = 60° are more intensified and irregular, 
indicating that the wake three-dimensionality is further enhanced. This is contradicted 
to an observation of Thapa et al. [22] in which the 3-D wake is weakened with increasing 
. The discrepancy may be explained as follows. In Thapa et al. [22], Re based on the 
resultant velocity at the inlet is kept as a constant of 500; at  = 60°, Ren is only 250. 
However, in this study, Ren is fixed at 500. The higher Ren could lead to the intensified 
wake three-dimensionality. 
To illustrate the vortex-shedding evolution, Figs. 5(f-g) show vortices at two 
instants corresponding to the 2-D vortex-shedding stage (Stage I) and the parallel 
vortex-shedding stage (Stage II) at  = 45°. At the dimensionless time tUn/D = 17, the 
wake is in its early stage and the vortex shedding is 2-D without the development of 
streamwise vortex filaments. At tUn/D = 156, the wake reveals a strong three-
dimensionality, with streamwise vortex filaments appearing along the span. Although 
the spanwise vortex tubes show local fluctuations, the tubes are generally parallel to the 
cylinder. When the wake is fully developed at tUn/D = 330 (see Fig. 5(d)), the spanwise 
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vortex tubes are inclined against the cylinder, indicating the oblique vortex-shedding 
stage (Stage III). As a summary, Stage I corresponds to the early period of vortex 
shedding with a two-dimensional wake. Stage II refers to the successive stage with the 
parallel spanwise vortex shedding while Stage III is characterized by the oblique 
spanwise vortex shedding. Strong streamwise vortex filaments are observed in Stages II 
and III. However, from Fig. 5, it is seen that not all the cases show Stage III. At  = 0° and 
15°, the spanwise vortex tubes are parallel to the cylinder when the wake is fully 
developed. However, at  ≥ 30°, the oblique spanwise vortex tubes appear in the final 
stage. This indicates that, with increasing , the vortex shedding tends to be oblique, 
which may have a profound effect on hydrodynamic forces exerted on the cylinder. 
Hammache and Gharib [39] and Williamson [40] stated that the non-uniform 
distribution of the base pressure over the span is associated with the oblique vortex-
shedding pattern. To examine this statement, the base pressure coefficient Cpb as 
defined in Eq. (6) is calculated along the cylinder span. Fig. 6(a) shows the instantaneous 
spanwise distribution of Cpb at  = 0° and 45° in the final stage, respectively. At  = 0°, 
Cpb fluctuates significantly along the span, resulting in a high spanwise pressure gradient 
which generates spanwise axial flow near the cylinder base even though the incoming 
flow is perpendicular to the cylinder. However, the spanwise distribution of Cpb is overall 
uniform without an obvious slant. As a result, the spanwise vortex tubes are parallel to 
the whole cylinder, exhibiting the parallel vortex-shedding pattern. At  = 45°, the 
fluctuation in the spanwise Cpb distribution is further enhanced. An asymmetry appears 
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in Cpb distribution, with lower values at Z/D > 12.5 and higher values at Z/D < 12.5. Such 
asymmetric distribution is associated with the oblique vortex shedding in Fig. 5(d). 
Williamson [26] stated that Cpb is strongly affected by the evolution of various 2-D 
and 3-D wake instabilities. Fig. 6(b) compares the instantaneous spanwise distribution of 
Cpb in three different stages at  = 45°. At tUn/D = 17 (Stage I), Cpb is almost identical 
along the span: this suggests that the vortex-shedding is 2-D, as shown in Fig. 5(f), and 
the spanwise pressure gradient is trivial. At tUn/D = 156 (Stage II), although significant 
fluctuations appear in the spanwise Cpb, an obvious slant is not formed along the span, 
leading to the twisted but overall parallel vortices in the wake, as shown in Fig. 5(g). At 
tUn/D = 330 (Stage III), the asymmetry of Cpb along the span becomes more significant. 
By comparing the Cpb distribution over the span, it is seen that the mean base pressure 
is lowest in Stage I and highest in Stage III. This means that, as the wake evolves in time, 
the vortex formation length increases and the vortex-shedding frequency decreases. 
Fig. 7(a) shows contours of the spanwise vorticity at the middle cross section of the 
cylinder at tUn/D = 17 (Stage I) at  = 45°. Because the vortex shedding is 2-D at this 
early stage, the vorticity contours at the middle cross section can represent those at 
other sections along the span. It is seen that both the gap and outer shear layers shed 
vortices in the “2S” mode – two separated vortices shed from the cylinder in each cycle. 
However, the dimension and intensity of the outer-side vortices (clockwise) are greater 
than those of the gap-side vortices (counter-clockwise). Correspondingly, the pressure 
coefficient Cp = (P - P∞)/(U
2 
n /2)  near the upper-rear cylinder surface is lower than that 
near the lower-rear surface, see Fig. 7b. Further, due to the lower pressure caused by 
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the outer-side vortices, the wake is upwardly shifted (Fig. 7(a)). It is also found that the 
boundary layer is attracted up and stretched into a thin vortex filament. 
Fig. 8 shows contours of the spanwise vorticity at different cross sections along the 
span at tUn/D = 330 (Stage III) as  = 45°. Although the vortex shedding is basically in the 
“2S” mode, the vortex-shedding phase and the roll-up of the boundary layer vary at 
different cross sections. At Z/D = 0, a clockwise vortex is about to be shed from the 
upper shear layer. However, the latter at Z/D = 6.25 is still developing. At Z/D = 12.5, the 
counter-clockwise vortex is about to be shed from the lower shear layer. Due to the 
existence of streamwise vortex filaments, the spanwise vortex tubes are highly twisted, 
leaving the chaotic vorticity contours on the cross-sectional plots. Moreover, the 
upward-shifting trend of the wake is weakened when compared with that in Fig. 7. 
3.2 Hydrodynamic Force Coefficients 
Fig. 9 shows time histories of the spatially-averaged force coefficients at different . 
It is seen that variations of both the total lift CL and drag CD coefficients show different 
stages matching those of the vortex-shedding pattern. Stage I has the largest CL and CD 
due to the 2-D vortex-shedding process. However, owing to a gradual development of 
the wake three-dimensionality, CL and CD decrease and drop when the vortex-shedding 
suddenly transits into a 3-D pattern. After the flow is fully developed, for  = 0 and 15, 
CL and CD are regular and stable in Stage II with invariable amplitudes and mean values. 
However, for other cases with larger , the amplitude of CL is further reduced when the 
oblique vortex-shedding mode develops into Stage III. The mean value of CD remains 
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unchanged. At  = 60, the variation of CL is quasi-periodic while that of CD is chaotic in 
Stage III, as shown in Fig. 9 (e).   
The trend of decreasing drag and lift forces with the sequential change of stages is 
connected to the increasing streamwise vorticity in the wake and the enlarging phase 
difference of the vortex shedding. With the temporal evolution of wake flows, more 
streamwise vortex filaments emerge in the wake. On one hand, the streamwise vortex 
filaments extract vorticity (rotating energy) from the spanwise vorticity, resulting in the 
weakened spanwise vortices in the wake and the reduced drag/lift forces. Note that the 
hydrodynamic forces are caused by the spanwise vortices near the cylinder instead of 
the streamwise ones [17]. On the other hand, the streamwise vortex filaments twist the 
spanwise vortex tubes and even turn them into the quasi-streamwise vortex tubes, as 
shown in Fig. 5(e). This further reduces the drag and lift forces acting on the cylinder. 
The phase difference of the vortex shedding (also the hydrodynamic forces) along 
the span is another important reason for the decreasing drag and lift. To illustrate such 
mechanisms, the spatio-temporal distributions of CL in different stages at  = 45° are 
presented in Fig. 10. Note that the mean values have been subtracted from the 
instantaneous CL. In Stage I, CL exhibits the regular vertical bands which are evenly 
distributed over time. The CL at different spanwise positions are identical and the bands 
are parallel to the cylinder: this is consistent with the 2-D vortex shedding pattern in Fig. 
5(f) and the uniform Cpb distribution in Fig. 6(b). At the end of Stage I, small fluctuations 
can be found on CL bands, indicating the development of streamwise vortex filaments. 
In Stage II, CL bands in Fig. 10 (b) show a significant fluctuation in intensity and a 
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distortion in shape, related to the wavy spanwise tubes and the uneven streamwise 
filaments, as shown in Fig. 5(g). However, the bands are overall still in parallel with the 
cylinder. In Stage III, CL bands are inclined to the cylinder axial direction, resulting in the 
varying phase differences. Individual lift forces at different spanwise positions neutralize 
each other, leading to the drastically reduced total lift coefficient in Fig. 9(d).  
To show the above behavior more clearly, Fig. 11 shows the time-averaged phase 
difference  of CL along the span. In Stage I,  is 0 at all spanwise positions, indicating 
that the lift and the vortex shedding are in-phase. In Stage II,  varies from 0° to 20°. 
Although the phase differences reduce the total lift by a certain amount, the lift along 
the span can still be taken as an in-phase synchronized. In Stage III,  displays a linear 
increasing trend with Z/D, matching the oblique vortex-shedding pattern.  
It is stated in Williamson [26] that the spanwise distribution of Cpb is closely related 
to the phase difference in the vortex shedding, the vortex formation length, wake width, 
and hydrodynamic forces. In this study, as shown in Fig. 6, Cpb in Stage III ( = 45° and 
tUn/D = 330) exhibits obvious variations along the span, with a lower value of Cpb  -0.98 
in 15 < Z/D < 20, a higher value of Cpb   -0.8 in 2.5 < Z/D < 7.5, and a linear transition 
between these two ranges. Similarly, CL bands in Fig. 10(c) are inclined to the cylinder, 
resulting from the varying vortex-shedding phase and the vortex formation length along 
the span. It is known that a lower base pressure at the cylinder rear end attracts more 
significantly the shear layers deflecting towards the center line. As a result, the shear 
layers are easier to roll up, and the formed vortices are closer to the cylinder base, 
resulting in a shorter vortex formation length. Owing to the narrower wake, the lift force 
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decreases while the drag force increases. For the same reason, a higher base pressure 
corresponds to a wider wake, longer vortex formation length, lower drag, and higher lift. 
In the 3D oblique vortex-shedding mode, the vortex-shedding phase varies along the 
span, as do the spanwise variations of the base pressure, wake width, vortex formation 
length, drag and lift forces. Further, in Stage III, CL values at both cylinder ends are anti-
phase synchronized with CL value at the middle span, significantly diminishing the total 
lift, as shown in Fig. 9(d).  
3.3 Validity of The Independence Principle (IP) 
For flows past an isolated circular cylinder, IP is generally valid in predicting the 
hydrodynamics and the wake pattern as   45° [12,15]. According to the criteria 
suggested in Thapa et al. [22], IP is valid when the relative differences of the drag, lift 
and vortex-shedding frequency are smaller than 15%, compared with those in cross-flow 
conditions ( = 0°). However, with the presence of a flat wall, the validity range of IP 
might be significantly altered especially with the vortex-shedding suppression. Fig. 12 
shows variations of drag and lift coefficients as well as St with . The mean drag 
coefficientCD shows a negligible variation when   45° and a small increment at  = 
60°, being less than 9% of CD at  = 0°. This proves the IP validity, like the observation in 
Thapa et al. [22] at G/D = 0.8. The mean lift coefficientCL exhibits a similar variation 
asCD   at   45°, but with a notable decrement ( 23%) appearing at  = 60° owing to 
small CL values, as shown in Fig. 12(c). CD,rms shows large variations when  ≥ 30°, with 
the maximum relative difference greater than 60% at  = 30°. CL,rms first shows a 
moderate reduction (13%) at  = 15°, then dropping at  = 30° and achieving the 
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minimum value at  = 45°. Such a reduction is about 78% at  = 30° and 82% at  = 45°, 
respectively, indicating IP is invalid at these two angles. At  = 60°, a moderate recover 
occurs such that CL,rms is about 45% smaller than that at  = 0°.  
Fig. 12(e) shows a variation of St, i.e. the normalized lift frequency, with . 
Compared with that at  = 0°, the increment in St is seen to be marginal at  = 15°, 
being less than 3%. As  ≥ 30°, St increases linearly with increasing , about 13% and 
25% of increment at  = 45° and 60°, respectively, violating the criteria at  = 60°. The 
gradually increasing trend of St with  is opposite to the observation of Thapa et al. [22] 
where St decreases slightly with α. This discrepancy is related to the difference in Ren 
which is fixed in this study but decreases with α in Thapa et al. [22], as discussed in 
Section 3.1. 
As a summary, the change in , especially when  ≥ 30°, has the most significant 
effect on CL,rms. For example, at  = 30°, CL,rms is reduced by 78%: this can be attributed 
to the oblique vortex-shedding pattern as discussed above. CD seems to be insensitive to 
; hence, the largest difference is smaller than the criteria suggested by Thapa et al. [22]. 
Although CL and CD,rms show significant relative differences, the absolute differences are 
very small and can be neglected.  
Based on the above analysis and the vortex-shedding patterns discussed in Section 
3.1, it is deduced that, for flows past an inclined near-wall cylinder at Ren = 500 and G/D 
= 0.8, IP is valid in predicting the hydrodynamics and the wake pattern when   15°. IP 
might produce unacceptable errors when  > 15°. This validity range is substantially 
smaller than that (45°) identified for flows past a wall-free cylinder.  
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4 CONCLUSIONS 
Horizontally oblique flows around a 3-D circular cylinder near a plane boundary 
have been numerically investigated using the Immersed Boundary Method. Direct 
numerical simulations have been carried out at a fixed Reynolds number of 500 based 
on the normal flow velocity, a fixed gap-to-diameter ratio of 0.8 and five flow inclination 
angles α of 0°, 15°, 30°, 45°, and 60°. Key new findings are summarized as follows. 
(1) Two vortex-shedding modes are observed at different , including the parallel 
(  15) and oblique ( ≥ 30°) vortex-shedding modes. The vortex-shedding evolution is 
classified into three or two stages at  ≥ 30° and   15, respectively. 
(2) With increasing , the wake three-dimensionality is enhanced through the 
observed significant fluctuations of the spanwise vortex tubes and the oblique vortex 
shedding. The base pressure gradient along the cylinder span is associated with the 
inclination of spanwise vortex tubes. 
(3) The vortex-shedding mode is 2S, but the strength of clockwise vortices shed 
from the upper side is greater than that of counter-clockwise vortices shed from the gap 
side, due to the wall proximity and the boundary layer flows. Owing to the complex 
interaction between the spanwise vortex tubes and streamwise vortex filaments, the 
downstream spanwise vortices are highly twisted and disrupted, resulting in an irregular 
vortex topology in the wake. 
(4) The Independence Principle is well justified for hydrodynamic forces and wake 
patterns when   15°. Nevertheless, this rule might produce unacceptable errors when 
 > 15°. The hydrodynamic lift force, which is of great concern in engineering practice 
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for the vortex-induced loading, exhibits a significant drop at  = 30°. This is attributed to 
the oblique vortex shedding in the wake. 
Although the considered Reynolds number is much smaller than those encountered 
in practice, the associated vortex-shedding evolution provides a good representation of 
completely turbulent wakes. Direct numerical simulations of flows past a long cylinder in 
real-life cases are presently computationally prohibitive. The present simulation results 
provide some insights into the wake modes and associated hydrodynamic features, 
improving the understanding of underlying physics of oblique flows past a 3-D circular 
cylinder near a plane boundary. 
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Table Caption List 
 
Table 1 Comparison of hydrodynamic properties for flow around an isolated 
cylinder at Re = 500 
Table 2 Grid convergency study at G/D = 0.8, α = 0°, Ren =500 and ΔtUn/D = 
0.002. Values in parentheses indicate a percent difference against results 
with ∆x = ∆y = D/48.  
Table 3 Time-step convergency study at G/D = 0.8, α = 0°, Ren =500 and Δx = Δy = 
D/32. Values in parentheses indicate a percent difference against results 
with ΔtUn/D = 0.001.   
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Figure Captions List 
Fig. 1 
Fig. 2 
Computational domain and boundary conditions. 
Computational mesh used in numerical simulations. (a) Global view and 
(b) zoom-in view around the cylinder. 
Fig. 3 Velocity profiles at the cylinder position. 
Fig. 4 Energy spectra of the probe located at 1D downstream of the cylinder 
centroid for the case with G/D = 0.8,  = 0° and Ren = 500. The y-axis 
represents the normalized specific kinetic energy. 
Fig. 5 Vortex-shedding patterns with different . Vortices are visualized by 
using the iso-surfaces of 2 = -1.0 [37] being the second largest 
eigenvalue of the symmetric tensor S2 + Ω2, where S and Ω are, 
respectively, symmetric and asymmetric parts of the velocity gradient 
tensor u. The color of iso-surfaces indicates the spanwise vorticity. 
Fig. 6 Spanwise distribution of base pressure coefficient Cpb (a) at  = 0° and 
45° in the final stage, (b) at different stages at  = 45°. 
Fig. 7 Spanwise vorticity contours and pressure coefficient distribution on the 
mid-span plane for tUn/D = 17 and  = 45°. 
Fig. 8 Contours of spanwise vorticity at different cross-sections for tUn/D = 330 
and  = 45°. 
Fig. 9 Time histories of total lift and drag force coefficients at different oblique 
flow angles. 
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Fig.10 Spatio-temporal distributions of lift coefficients in different stages at  = 
45°. 
Fig. 11 Variations of time-averaged phase differences along cylinder span in 
different stages at  = 45°. 
Fig. 12 Variations of lift and drag coefficients and St with oblique flow angle. 
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Table 1 
 CD CL,rms St -Cpb λz/D 
Present 1.162 0.283 0.207 0.928 0.96 
Zhao et al. [17] 1.225 0.388 0.208 -- -- 
Bourguet and Triantafyllou [13] 1.141 -- 0.208 -- -- 
Jiang and Cheng [27] -- -- 0.206 0.967 (Re=400) -- 
Williamson [26] -- -- -- 0.901 -- 
Williamson and Roshko [28] -- -- -- 0.902 -- 
Mittal and Balachandar [29] -- -- -- 0.918 -- 
Williamson [30] -- -- -- -- 0.91 
Wu et al. [31] -- -- -- -- 0.85 
Mansy et al. [32] -- -- -- -- ≈ 1.0 
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Table 2 
Mesh CD CD,rms CL CL,rms St 
Coarse (Δx = Δy = D/32) 
1.166 
(0.6) 
0.018 
(5.3) 
-0.032 
(3.2) 
0.200 
(0.5) 
0.255 
(0.4) 
Fine (Δx = Δy = D/48) 1.173 0.019 -0.031 0.199 0.254 
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Table 3 
ΔtUn/D CD CD,rms CL CL,rms St 
0.003 
1.163 
(0.9) 
0.019 
(5.6) 
-0.032 
(3.0) 
0.204 
(1.5) 
0.254 
(0.0) 
0.002 
1.166 
(0.6) 
0.018 
(0.0) 
-0.032 
(3.0) 
0.200 
(0.5) 
0.255 
(0.4) 
0.001 1.173 0.018 -0.033 0.201 0.254 
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